The connection between scale invariant wavefunctions and solutions of some nonlinear equations (e.g., solitons and compactons) have been studied. Scale invariant functions are shown to have variational properties and a nonlinear algebraic structure. Any twoscale equation follows from Hamilton's equation of an infinite-dimensional Hamiltonian system, providing a self-similar formalism that is useful in studies of hierarchical and nonlinear lattices, soliton and compacton waves. The algebraic structure of any scaling function is shown to be a deformation of the trigonometric series generating algebra.
of a system that is invariant under a discrete set of dilations only. Until recently, examples of such systems were given only by discrete fractals, hierarchical construction cracks or growth processes.4-10 However, systems characterized by non-local and nonlinear interactions generaly display multi-scale behavior, like that of a drop that breaks into self-similar parts (cluster formation, fission), that is they have a discrete scale invariancey,16 For instance, in the case of oscillations of a free liquid surface, nonlinear dispersion terms seem to enhance the formation of finite width surface patterns. 16 The purpose of this paper is to show that in addition to being a popular and powerful orthonormal base of self-similar functions, wavelets have some deeper connections with physics. First of all, they have a definite nonlinear symmetry connected with a q-deformation of a Fourier series generating algebra.14 Secondly, dilation equations originate from an infinite-dimensional Hamiltonian system and have similar paths in phase-space to some solutions of the KdV and MKdV equations, that also satisfy time-dependent dilation equations.
The self-similar bases (scaling functions) consist of a set of translated and dilated copies of a single scaling function ll>(x) and a wavelet w(x). The scaling function is required to obey
where D is the dilation operator, T is the translation operator, and h(T) is a Laurent polynomial in T. These invertible and unitary operators act as: 
The wavelet is defined in terms of dilation and translation of the scaling function
k=-n+l
Equations (2) These can be generalized to scale-invariant algebras through q-deformations. To show this consider the operators depending on two real parameters s, a: 
where This type of analysis can be generalized to yield a nonlinear algebra for any scaling function, and conversely, to find the dilation equation and scaling function for certain types of algebras. To demonstrate the first of these concepts note that the generators of the As,a algebra can be generalized as Wo ----+ jo(T) and T±l) with jo(T) and j(T) being arbitrary functions of T, holomorphic in a neighborhood of T = 1, with their dependence on s being such that in the limit s ----+ 0, jo(T) ----+ -iO, j(T) ----+ 1. In this case the commutation relations, Eq. (6), are [jo,j+] 
(8)
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Equation (8) A diagram displaying the algebraic morphisms described above is shown in Fig. 3 . This algebraic structure is in some sense universal, what is modified is the specific realization of the nonlinear algebra in terms of D and T.
The dilation equation of wavelet theory and nonlinear differential equations with localized solutions (solitons, compactonsI6) have several similarities. In Fig. 4 we present, in the same frame, trajectories of the solutions in the phase space for solitons/breather solutions and wavelets. Their similar aspects indicate the possibility that they belong to the same class of Hamiltonian systems. 1 it is shown that a traveling solution of the Kac telegrapher's equation is a wavelet. Also, several numerical studies5-9 show that many nonlinear equations are very well resolved by using a wavelet basis. The recently discovered compactonsI6 (solitons with compact support) also provide an example of a physical multiscale theoretical construction. The Dulling oscillator21 has multiscale structure, its dynamical equation being a first quadrature of the MKdV equation for traveling solutions. Nonlinear dynamical equations have special localized finite energy solutions and multiple scale behavior; likewise, the dilation equations have localized (reciprocal orthogonality of translated versions) and bounded (in £1(R)) unique solutions. Solutions from both classes depend on an infinite number of integration constants. In the case of nonlinear equations, dispersion and nonlinearity balance to produce shape and velocity retention of localized solutions. In the case of time dependent self-similar pulses (traveling wavelets) the role of nonlinearity is played by the dilation terms, Fig 
where etf)", represents the time evolution operator acting on the initial solution.
In the following we prove that any scaling function is the solution of a particular Hamiltonian system of equations. We introduce a dynamical system described by two functions depending on time and defined on the real axis, f±(x, t) . The general infinite-dimensional Hamiltonian density functional22
depends on the constants Ak, Bk,l, with k, 1 integers. The corresponding Hamilton equations22 are:
. 6h
These equations are still too general. In order for Eq. (13) to realize the most general form of a two-scale equation in the variable x, Eq. (1), we introduce the constraint f±(x, t) = Jc±x, t) and we consider traveling solutions of the form lex, t) = lP(xVt), i.e. 4> = -VOxlP. Also we introduce a special form for the coefficients, that is Bk,l = Bk6k,l' By introducting these relations in Eq. (13), we obtain an infinite order differential equation for the function lP
The corresponding Hamilton equation for lP( -x) is dual to Eq. (14) in the sense that the Hamilton equations for lP( ±x) are identical under the transformation T --+ T-1.
Equation (14) can be related to any general dilation equation with an appropriate choice of the coefficients Aj and Bk,l' By using the differential realizations of the T and D operators and by identifying Eq. (1) with Eq. (14), one obtains an algebraic system of linear equations:
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with j' being the integer part of (j + 1)/2. Since the system in Eq. (15) 
A comparison of the phase-space trajectories of both time-dependent scaling functions introduced as Hamiltonian systems in Eq. (13) and some solutions of the KdV and MKdV equations are shown in Fig. 4 . The Hamiltonians associated with the scaling equations (e.g. Eq. (15)) can be associated with the free energy density of a phase transition with the order parameter 4>.15
Another example of an application of the Hamiltonian formalism introduced above to multiscale equations is provided by the existence of traveling soliton shapes with finite wavelength and similarity properties. These, compact support traveling waves,16 known as compactons, are special solutions of nonlinear partial differential equations which generalize the KdV solutions.1 This question concerning the relation between the nonlinear differential equation associated with exact solvable one-dimensional potentials and the peculiar self-similarity properties of their corresponding superpotential. 23 A response can be given within the framework of a onedimensional model of a dense anharmonic chain, with many neighbor interactions, 16 in first corrections to continuum. We show that the Hamiltonian structure defined in Eq. (12) provides localized traveling solutions with self-similarity properties. Considering Eq. (12)
with Gk arbitrary, we denote f±(x, t) = 4>(x -At) and Bk,l notation from Eqs. (1), (15) the Hamiltonian reads (17) with~= x -At and f3 depending on Bk. For a special choice f3 = 4 the functional in Eq. (17) is minimized by the function and represents a fragment of a squared cosine with support [-27l',27l'] , traveling with the velocity .x, i.e. the compacton solution associated with the integral of motion16
The corresponding dynamical (Hamilton) equation for the amplitude <I>(x, t), Eqs. (17) and (18), is a third order nonlinear differential equation (20) is the occurrence of nonlinearity and nonlinear dispersion and the existence of a Lagrangian and Hamiltonian system associated with it. The special compact supported solutions of Eq. (20) (compactons) have special properties concerning scattering and stability and they provide multiscale patterns.16 By using the scaling symmetry of such solutions, the effect noticed in Ref. 16, namely that wider solutions are stable or decay in series of compactons while narrower ones decay to zero or blow up, can be understood. Also, the compacton solution, Eq. (18), is related to the Haar scaling function through the two scale equations (21) In conclusion, we show in the present paper that orthonormal bases of selfsimilar functions and wavelets have strong connections with nonlinear problems and soliton theory, especially solitons with compact support (compactons). To any scaling function we can associate a nonlinear finitely generated algebra. The spectra of the ladder operators in these algebras are nonlinear and the corresponding algebra is a q-deformation of the Fourier spectrum generating algebra. Also, for any two-scale equation we can construct a special infinite-dimensional Hamiltonian system such that the corresponding scaling function is one of its extrems. This result, together with the application of compactons in wavelet theory, seem to be appropriate to explain the mechanism of cluster or drop formation in turbulent flow as well as in potential flow, thereby providing traveling patterns.
